$W_{\infty}$ algebra in the integer quantum Hall effects by Azuma, Hiroo
ar
X
iv
:h
ep
-th
/9
40
30
25
v2
  1
4 
M
ar
 1
99
4
Revised version
UT-671
March 1994
W∞ algebra in the integer quantum Hall
effects
Hiroo Azuma
Department of Physics, Faculty of Science
University of Tokyo
7-3-1 Hongo, Bunkyo-ku, Tokyo 113, Japan
Abstract
We investigate the W∞ algebra in the integer quantum Hall effects. Defining
the simplest vacuum, the Dirac sea, we evaluate the central extension for
this algebra. A new algebra which contains the central extension is called
the W1+∞ algebra. We show that this W1+∞ algebra is an origin of the Kac-
Moody algebra which determines the behavior of edge states of the system.
We discuss the relation between the W1+∞ algebra and the incompressibility
of the integer quantum Hall system.
1 Introduction
The quantum Hall effect(QHE) was discovered by von Klitzing, Dorda and
Pepper in 1980[1]. They were studying the Hall conductance of a two-
dimensional electron gas in an inversion layer of a silicon metal-oxide-
semiconductor field-effect transistor(MOSFET). They noticed that the Hall
conductance was quantized at a very low temperature under a high mag-
netic field. Plotting the Hall conductance as a function of the external mag-
netic field, they obtained the plateaus where the Hall conductance was equal
to an integer multiple of e2/h and the longitudinal conductance was essen-
tially equal to zero. We call this phenomenon the integer quantum Hall
effect(IQHE) today.
When a charged particle moves on a plane in a perpendicular uniform
magnetic field, discrete energy levels appear. They are called the Landau
levels. There are degenerate states in each level. In the QHE whose filling
factor ν is equal to or less than one, taking the limit of the large external
magnetic field, electrons are constrained in the lowest Landau level(LLL)
[2][3]. Because the QHE is a low temperature phenomenon, all spins of
electrons are aligned and we need not consider a freedom of spins. In the
IQHE, the LLL is completely filled and liquid of electrons is incompressible
without an interaction.
The incompressibility is an important feature of the QHE[2][5]. In an
incompressible droplet, a local fluctuation of the density is forbidden. There
are no gapless collective excitations in a droplet. A gapless excitation can
occur only at a deformation of the edge. This excitation is called an edge
state[6]. To investigate an edge state, Wen and Stone and others considered
edge-charge operators. It has been indicated that the dynamics of the edge
is described with a one-dimensional chiral fermion and edge-charge operators
satisfy the Kac-Moody algebra[7][8][9][11].
Recently, it has been shown that the infinite dimensional Lie algebra
appears in the second-quantized system constrained to the LLL [10][11]. It
is the W∞ algebra. Although the wave functions in the LLL could not form
a complete set, a second-quantized fermion field is constructed from them.
Under unitary transformations of this field, a wave function remains in the
LLL and the total fermion number does not change. The generators of these
transformations form the W∞ algebra. If we define a vacuum as the state of
a localized electron droplet, the W∞ algebra acquires the central extension
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and non-trivial current operators appear[19]. In this paper, we derive the
central extension for this algebra by defining the simplest vacuum, the Dirac
sea. The new algebra that we obtain contains the U(1) Kac-Moody algebra.
We show that this Kac-Moody algebra describes the edge states in the IQHE.
What we show in this paper is the following. TheW∞ algebra discussed in
this paper contains infinite operators whose conformal dimensions are equal
to or above one. We arrange these operators in order. This W∞ algebra
contains the c = 0 Virasoro algebra. We find primary fields which are made
from the electron field. We notice that the current operators contained in
this W∞ algebra commute with each other.(Commonly, the W∞ algebra is
defined as a closed algebra which contains infinite operators whose conformal
dimensions are equal to or above two. The W∞ algebra does not contain the
current algebra. And so, strictly speaking, the algebra that we are consid-
ering now is not the W∞ algebra. It is the W1+∞ algebra which does not
contain the central extension.) Because there are no central extension terms
in the current algebra, we can hardly find a physical meaning in it. We notice
that we had better define an appropriate vacuum and obtain a non-trivial
current algebra. Defining the simplest vacuum, the Dirac sea, we derive an
exact form of the W1+∞ algebra which has central extension terms. Further-
more, we construct this W1+∞ algebra from a one-dimensional free fermion
field. This W1+∞ algebra contains the c = 1 Virasoro algebra and the U(1)
Kac-Moody algebra. We can expect to extract some physical meanings from
them. Taking the classical limit (the limit of the large external magnetic
field B ), we show that electrons become an incompressible droplet. (The
similar consideration is given in [17].) We also show that the origin of the
Kac-Moody algebra, which is constructed from edge-charge operators and
controls the edge states, is this W1+∞ algebra. Using the bosonization trans-
formation, we construct the primary fields and edge-charge operators from a
free boson field.
Here, we summarize the contents of sections in this paper. In section
2, we review a single-particle kinematics in the LLL. The degenerate wave
functions in the LLL can be labelled by an operator which commutes with
the Hamiltonian. The wave functions in the LLL can be regarded as a one-
dimensional system. Then, we review unitary transformations of the second-
quantized field and the W∞ algebra. Particularly we consider the meaning of
the large B limit. Although we can always eliminate the appearance of the
factor B by scaling the coordinates, there are some meanings in this limit.
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We understand that this limit is a sort of the classical limit. In section 3,
we discuss some properties of the W∞ algebra. This algebra contains the
Virasoro algebra. We find its primary fields. In section 4, we describe the
W∞ algebra with a one-dimensional free fermion.
In section 5, we discuss a localized electron liquid. We regard this state as
a vacuum. Defining the simplest vacuum, the Dirac sea, we derive the central
extension and obtain an exact form of the W1+∞ algebra. Using the result
obtained in section 4, we construct thisW1+∞ algebra from a one-dimensional
free fermion. In this vacuum, the filling factor ν is equal to one. It means
that we are considering the IQHE. In theW1+∞ algebra, there is a non-trivial
current algebra. We can get some physical information from them. Taking
the classical limit (B ≫ 1), we can regard electrons as a localized droplet
whose density is uniform. Electrons behave as an incompressible droplet.
In section 6, we review the edge-charge operators defined by Wen and
Stone and others. These operators form the Kac-Moody algebra. We show
that the origin of this Kac-Moody algebra is the W1+∞ algebra. In section 7,
we describe edge-charge operators with a bosonized representation. We con-
struct primary fields found in section 3 from a free boson. We also construct
an operator which adds a charge on the edge.
2 The many-body system in the lowest Lan-
dau level and the W∞ algebra
At first, we review a single-particle quantum mechanics on a plane. When
an electron moves on a plane with a perpendicular uniform magnetic field,
energy levels are quantized discretely. These energy levels are called the
Landau levels. In the LLL, there are infinite degenerate states. We can label
these states perfectly by an appropriate operator which commutes with the
Hamiltonian. And so, the degenerate states in the LLL can be regarded as
a one-dimensional system.
Then we consider a many-fermion system in the LLL. We review the
recent work that the W∞ algebra appears in unitary transformations of the
second-quantized field [10][11]. These transformations preserve the states
in the LLL and keep the total fermion number invariant. Generators of
these transformations are made from a density operator and the commutation
3
relation of them is the W∞ algebra. We discuss the large B limit. We
understand that the large B limit is a sort of the classical limit.
The Hamiltonian of a single-particle quantum mechanics is given by
H0 =
1
2m
(~p+ e ~A)2, where ~p = −i~∇, ~∇× ~A = B. (2.1)
The unit is given by c = h¯ = 1. B(> 0) is a perpendicular uniform external
magnetic field on the xy-plane. The momentum operators πi are given by
πi = (p+ eA)i, for i = x, y, [πx, πy] = −ieB. (2.2)
Annihilation and creation operators are defined in the form,
a ≡ 1√
2eB
(πx − iπy), a† ≡ 1√
2eB
(πx + iπy), [a, a
†] = 1. (2.3)
Writing the Hamiltonian with the annihilation and creation operators, we
can treat this system as a harmonic oscillator,
H0 = ω(a
†a +
1
2
), E0 =
1
2
ω,
3
2
ω, · · · , (2.4)
where ω = eB/m. There are degenerate states in each level. In the limit of
the large B, the energy gap increases and the electron eventually occupies
the lowest level. From now on we consider only the LLL. The condition that
φ(~x) is in the LLL is given by aφ(~x) = 0.
Now, we define the useful operators,
Xˆ ≡ x− πy
eB
, Yˆ ≡ y + πx
eB
, [Xˆ, Yˆ ] =
i
eB
. (2.5)
There are following relations, [H0, Xˆ] = [H0, Yˆ ] = [H0, Xˆ
2+ Yˆ 2] = 0. We can
label the degenerate states in the LLL by eigenstates of Xˆ, Yˆ or Xˆ2 + Yˆ 2.
For example, let’s consider wave functions in the LLL that diagonalize
Xˆ2+ Yˆ 2. In the gauge ~A = (−By/2, Bx/2), we obtain an orthonormal basis,
φn(~x) ≡
√
eB
2π2nn!
(z¯
√
eB)n exp(−eB
4
|z|2), (2.6)
where z = x+ iy and n = 0, 1, 2, · · ·. Because we consider only the LLL, we
can regard Xˆ2 + Yˆ 2 as an angular momentum operator.
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Taking the gauge ~A = (−By, 0) and diagonalizing Yˆ , we obtain another
orthonormal basis of wave functions in the LLL. The basis is given by
φY (~x) ≡ 4
√
eB
π
1√
L
exp{ieBY x− eB
2
(y − Y )2}, (2.7)
where 0 ≤ x < L. This wave function is localized around y = Y . A density
of states is equal to eB/2π.
Let’s consider the many-body problem. We define the filling factor by
ν = 2πρ/eB, where ρ is a density of electrons. If ν ≤ 1 and B ≫ 1, all the
electrons are constrained in the LLL.
In the following, we take the gauge ~A = (−By/2, Bx/2) and use the basis
of {φn(~x)} defined in (2.6) for a while. We perform the second-quantization
in the following way,
ψ(~x) =
∞∑
n=0
Cˆnφn(~x). (2.8)
Cˆn and Cˆ
†
n obey the anti-commutation relation,
{Cˆn, Cˆ†m} = δn,m. (2.9)
({φn(~x)} is not a complete set. And so, ψ(~x) and ψ†(~x) do not obey the
usual anti-commutation relation.)
We consider a unitary transformation of {Cˆn},
Cˆn → Cˆ ′n =
∞∑
m=0
unmCˆm. (2.10)
This transformation preserves the LLL condition, aψ′(~x) = 0, and keeps the
total fermion number invariant,
∫
d2x δρ(~x) = 0, where ρ(~x) = ψ†(~x)ψ(~x).
The generator is given by the functional,
ρ[ξ] ≡
∫
d2x ρ(~x)ξ(~x), [−iρ[ξ], ψ(~x)] = δψ(~x). (2.11)
Let’s consider the commutation relation of ρ[ξ]. Because it is difficult to
calculate the commutation relation of ρ[ξ] directly, we derive the commuta-
tion relation of the Fourier component of ρ(~x) first. Fourier components of
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the density operator ρ(~x) are given by
ρ˜(~k) =
∫
d2x ρ(~x) exp(i~k · ~x)
=
∞∑
n,m=0
Cˆ†mCˆn
(−i√2eB)n+m√
n!m!
(
∂
∂k¯
)n(
∂
∂k
)m exp(− |
~k|2
2eB
). (2.12)
Using this representation, we obtain
[ρ˜(~k), ρ˜(~k′)] = −2i sin(
~k × ~k′
2eB
)ρ˜(~k + ~k′) exp(
~k · ~k′
2eB
). (2.13)
Here, we define W (~k) in the form, W (~k) ≡ ρ˜(~k) exp(|~k|2/4eB). The
commutation relation of W (~k) is given by
[W (~k),W (~k′)] = −2i sin(
~k × ~k′
2eB
)W (~k + ~k′). (2.14)
This commutation relation is called the W∞ algebra or the Fairlie-Fletcher-
Zachos algebra[10][11] [12][13]. (Strictly speaking, this is the W1+∞ algebra
which has no central extension terms.)
In the limit of B ≫ 1, we obtain
[W (~k),W (~k′)] = − i
eB
(~k × ~k′)W (~k + ~k′). (2.15)
This algebra is called the w∞ algebra or the area-preserving diffeomorphisms[16].
We can regard (2.14) as a quantized version of the area-preserving diffeo-
morphisms. Here we must pay attention to the following. We can al-
ways eliminate the appearance of the factor eB by scaling the coordinates,
~x′ =
√
eB/2~x. Therefore, strictly speaking, there is no meaning in taking
the large B limit. But, we can interpret this limit as the classical limit which
reduces (2.14) to the w∞ algebra. The large B limit sometimes reveals im-
portant information contained in the theory. (The classical limit is discussed
in [17], too. In section 5, we will understand that the electron liquid shows
the incompressibility under this limitation. The same result is obtained in
[17].)
A commutation relation of ρ[ξ] is obtained,
[ρ[ξ1], ρ[ξ2]] = ρ[{{ξ1, ξ2}}], (2.16)
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where
{{ξ1, ξ2}} = −
∞∑
n=0
(−1)n
n!
(
2
eB
)n{∂nξ1(~x)∂¯nξ2(~x)− ∂¯nξ1(~x)∂nξ2(~x)}. (2.17)
{{ξ1, ξ2}} is called the Moyal bracket[14]. In the limit of B ≫ 1, the Moyal
bracket becomes the Poisson bracket,
{{ξ1, ξ2}} B≫1→ i
eB
[∂xξ1∂yξ2 − ∂yξ1∂xξ2] ≡ {ξ1, ξ2}PB. (2.18)
Even if we take the gauge ~A = (−By, 0) and use the {φY (~x)} defined in
(2.7), we obtain the same commutation relations.
3 Some properties of the W∞ algebra
Let’s investigate some properties of the W∞ algebra obtained in (2.14). This
algebra contains infinite operators. Labelling these operators with the con-
formal dimensions, we arrange them in order. We show that (2.14) contains
the Virasoro algebra. Then, we look for primary fields.
We define operators,
L˜(n)(kx) ≡ exp( k
2
x
4eB
)
∫
d2x yn exp(ikxx)ρ(~x). (3.1)
From (2.14), we obtain commutation relations of L˜(n)(kx),
[L˜(n)(kx), L˜
(m)(k′x)]
= n!m!(−i)n+m(−2i)
∞∑
p,q,r=0
2p+1∑
j=0
r∑
h=0
δn,2p+1−j+q+hδm,j+q+r−h
×(−1)p+1−j(i)r 1
(2eB)2p+1+q
1
j!(2p+ 1− j)!q!(r − h)!h!
×kjxk′2p+1−jx L˜(r)(kx + k′x). (3.2)
Because these commutation relations are complicated, we discuss charac-
teristic ones. We redefine L˜(n)(kx) by the form,
L(n)m ≡ (
eBL
2π
)nL˜(n)(−2πm
L
), m ∈ Z. (3.3)
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Some commutation relations can be written in the forms,
[L(0)n , L
(0)
m ] = 0, (3.4)
[L(0)n , L
(1)
m ] = nL
(0)
n+m,
[L(1)n , L
(1)
m ] = (n−m)L(1)n+m, (3.5)
[L(0)n , L
(2)
m ] = 2nL
(1)
n+m,
[L(1)n , L
(2)
m ] = (2n−m)L(2)n+m − n{
nm
4
+ (
L
2π
)2eB}L(0)n+m,
[L(2)n , L
(2)
m ] = 2(n−m)L(3)n+m + (n−m){
nm
2
+ (
L
2π
)22eB}L(1)n+m.
In these relations, L(0)n looks like a lowering operator. It is important that
L(0)n and L
(1)
n form a closed algebra. (3.5) is the Virasoro algebra.
The conformal dimension is decided in the following way. If an operator
Am satisfy
[L(1)n , Am] = {n(h− 1)−m}An+m + · · · , (3.6)
Am is the Fourier mode of the field whose conformal dimension is h. We
notice that L(n)m is a component of the conformal dimension (n+ 1) field.
The algebra defined in (2.14) contains the current operator L(0)n . Com-
monly, the W∞ algebra contains infinite operators whose conformal dimen-
sions are equal to or above two. The W∞ algebra does not contain current
operators. Therefore, strictly speaking, the algebra defined in (2.14) is not
the W∞ algebra. It is the the W1+∞ algebra which has not central extension
terms. In particular, the algebra of the current operator (3.4) is trivial. If
we define a vacuum and consider a central extension term, there must be an
interesting physics in the current algebra. In section 5, we define the simplest
vacuum and derive the central extension terms.
Next, we look for primary fields of L(1)n . At first, we consider a field
written in the form,
ζ(x) ≡
∫
dy ψ(~x). (3.7)
Let’s take the gauge ~A = (−By, 0) and use the eigenfunctions of Yˆ defined
in (2.7). We impose a periodic boundary condition, 0 ≤ X < L. ζ(x) is
given in the form,
ζ(x) =
∑
n
Cˆn
√
2
L
4
√
π
eB
exp(ieBYnx), (3.8)
8
where Yn = 2πn/eBL, n = 0,±1,±2, · · · . L˜(1)(kx) is given in the form,
L˜(1)(kx) =
2π
eBL
∑
n
Cˆ†nCˆn−Lkx/2π
1
2
(2n− Lkx
2π
). (3.9)
The commutation relations of L˜(1)(kx) and ζ(x), ζ
†(x) are given by
[L˜(1)(kx), ζ(x)] =
1
eB
exp(ikxx)(i∂x − kx
2
)ζ(x), (3.10)
[L˜(1)(kx), ζ
†(x)] =
1
eB
exp(ikxx)(i∂x − kx
2
)ζ†(x). (3.11)
Now, we define a new variable and new field operators,
w ≡ exp(−i2π
L
x), η(w) ≡ ζ(x)√
w
, η¯(w) ≡ ζ
†(x)√
w
. (3.12)
We can express the commutation relations in the form,
[L(1)n , η(w)] = w
n+1∂wη(w) +
1
2
(n + 1)wnη(w),
[L(1)n , η¯(w)] = w
n+1∂wη¯(w) +
1
2
(n + 1)wnη¯(w). (3.13)
η(w) and η¯(w) are primary fields. Because we are considering free fermions,
it is quite reasonable that both of their conformal dimensions are equal to
1/2.
4 The free fermion representation of the W∞
algebra
In this section, we show that the W∞ algebra can be constructed from a
one-dimensional free fermion field[15]. In section 5, we will define the Dirac
sea vacuum and evaluate the central extension. Then, we will show that the
W1+∞ algebra, which contains the central extension, is constructed from a
one-dimensional free fermion field, using the result obtained in this section.
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At first, we obtain an explicit form of L
(l)
j . Taking the gauge ~A = (−By, 0)
and using wave functions defined in (2.7), we obtain general forms of {L(l)j },
L
(2l)
j =
∑
n
Cˆ†nCˆn+j
l∑
p=0
(
2l
2p
)
(2p− 1)!!
22l+p
(
L
π
)2p(eB)p(2n+ j)2(l−p),
for l = 0, 1, 2, · · · , (4.1)
L
(2l+1)
j =
∑
n
Cˆ†nCˆn+j
l∑
p=0
(
2l + 1
2p
)
(2p− 1)!!
22l+p+1
(
L
π
)2p(eB)p(2n+ j)2(l−p)+1,
for l = 0, 1, 2, · · · . (4.2)
Because these are complicated, we present some examples,
L
(0)
j =
∑
n
Cˆ†nCˆn+j, L
(1)
j =
∑
n
Cˆ†nCˆn+j
1
2
(2n+ j). (4.3)
We define operators,
T (l)(x) ≡ ( 1
L
)l+1
∑
j
L
(l)
j exp(i
2π
L
jx). (4.4)
T (1)(x) is an energy-momentum tensor in the conformal field theory(CFT).
We notice that T (0)(x) can be written in the form,
T (0)(x) =
1
2
√
eB
π
ζ†(x)ζ(x), (4.5)
where ζ(x) is the primary field defined in (3.8). Using ζ(x), we can rewrite
T (1)(x) in the form,
T (1)(x) =
1
2
√
eB
π
ζ†(x)(− i
4π
)(∂x−
←
∂x)ζ(x), (4.6)
The general form of T (l)(x) is given by
T (2l)(x) =
1
2
√
eB
π
ζ†(x)
l∑
p=0
(
2l
2p
)
(2p− 1)!!
22l+p
(
√
eB
π
)2p
×{− i
2π
(∂x−
←
∂x)}2(l−p)ζ(x), for l = 0, 1, 2, · · · , (4.7)
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T (2l+1)(x) =
1
2
√
eB
π
ζ†(x)
l∑
p=0
(
2l + 1
2p
)
(2p− 1)!!
22l+p+1
(
√
eB
π
)2p
×{− i
2π
(∂x−
←
∂x)}2(l−p)−1ζ(x), for l = 0, 1, 2, · · · . (4.8)
Conversely, if we prepare a one-dimensional free fermion field ζ(x), we
can always construct {T (l)(x)} and {L(l)j }. We can construct the W∞ algebra
from ζ(x).
5 The central extension of the W∞ algebra for
the ν = 1 Dirac sea vacuum
In this section, we consider the state of the localized electron liquid. We
define a vacuum and derive a central extension. We obtain an exact form of
theW1+∞ algebra. The central extension creates the Kac-Moody current. To
make the problem easy, we assume the simplest vacuum, the Dirac sea. (The
similar consideration is given in [19].) Using the result obtained in section
4, we construct the W1+∞ algebra from a one-dimensional free fermion field.
We take the large B limit of this vacuum. We notice that the Dirac sea
vacuum can be regarded as a liquid of electrons filled in the area y ≤ 0. The
filling factor is equal to 1 and the liquid of electrons shows incompressibility.
It has been shown already that the system considered now can be regarded
as a one-dimensional fermion system. In this system, Xˆ plays the role of a
coordinate and Yˆ plays the role of a momentum, [Xˆ, Yˆ ] = i/eB. We use a
set of eigenstates defined in (2.7), Yˆ φYn(~x) = YnφYn(~x). The vacuum state
|G〉 is defined,
|G〉 ≡
∞∏
n=0
ˆ
C†−n|0〉 = ˆC†0 ˆC†−1 ˆC†−2 · · · |0〉, (5.1)
where Cˆn|0〉 = 0, for ∀n ∈ Z. In the vacuum state |G〉, all states with non-
positive momenta are filled. (See Fig.1.) The normal ordering : : is defined
by the following. Cˆn(n > 0) or Cˆ
†
n(n ≤ 0) are put on the right of Cˆ†n(n > 0)
or Cˆn(n ≤ 0). Whenever operators are exchanged, they are multiplied by
(−1).
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Using the Wick’s theorem, we can derive a new commutation relation,
[:W (~k) :, :W (~k′) :] = −2i sin(
~k × ~k′
2eB
){:W (~k + ~k′) : +〈W (~k + ~k′)〉}, (5.2)
where 〈 〉 is a vacuum expectation. The second term in the right hand side
of (5.2) is the central extension.
Let’s derive the vacuum expectation. We impose the periodic boundary
condition, 0 ≤ X < L. 〈W (~k)〉 is given by the form,
〈W (~k)〉 = 2πδkx,0
1
L
1
1− exp(−i2πky/LeB) . (5.3)
In the limit of L→∞, we obtain
〈W (~k)〉 = δkx,0
eB
iky
. (5.4)
We obtain a new commutation relation[18],
[:W (~k) :, :W (~k′) :] = −2i sin(
~k × ~k′
2eB
) :W (~k + ~k′) :
−δkx+k′x,0
2eB
ky + k′y
sin(
~k × ~k′
2eB
). (5.5)
To understand (5.5) more clearly, we derive commutation relations of
: L˜(n)(kx) :,
[: L˜(n)(kx) :, : L˜
(m)(k′x) :]
= : [L˜(n)(kx), L˜
(m)(k′x)] :
−δkx+k′x,0n!m!(−i)n+m
∞∑
r,q=0
r∑
j=0
2q∑
h=0
(−1)r+q2−r(2eB)−2q−rk2q+1x
× 1
j!(r − j)!h!(2q − h)!(2q + 1)δn,2j+hδm,2(r−j+q)−h. (5.6)
We obtain a new closed algebra of :L(0)n : and :L
(1)
n :,
[:L(0)n :, :L
(0)
m :] = nδn+m,0, [:L
(0)
n :, :L
(1)
m :] = n :L
(0)
n+m :,
12
[:L(1)n :, :L
(1)
m :] = (n−m) :L(1)n+m : +δn+m,0
1
12
n3. (5.7)
If we redefine L
(1)
0 in the form, L
(1)
0 → L(1)0 − 1/24, we can rewrite (5.7) in
the form,
[:L(1)n :, :L
(1)
m :] = (n−m) :L(1)n+m : +δn+m,0
1
12
n(n2 − 1). (5.8)
These are the c = 1 Virasoro algebra and the U(1) Kac-Moody algebra. The
algebra defined in (5.5) is called the W1+∞ algebra. (The W1+∞ algebra is a
closed algebra which contains infinite operators whose conformal dimensions
are equal to or above one.)
In section 4, we showed that the W∞ algebra can be constructed from
ζ(x). It is true for the W1+∞ algebra, too. We can construct {:L(l)j :} in the
similar way. For example, we define :T (0)(x) : by the form,
:T (0)(x) :≡ 1
2
√
eB
π
:ζ†(x)ζ(x) : . (5.9)
We can construct the W1+∞ algebra from a one-dimensional fermion field
ζ(x).
Here, we consider the following. We can construct the energy-momentum
tensor from the Kac-Moody current : T (0)(x) : as the Sugawara form. De-
composing this energy-momentum tensor, we obtain the Virasoro operators.
This new Virasoro operator corresponds to :L
(1)
j :.
We can rewrite (5.5) by the functional,
[:ρ[ξ1] :, :ρ[ξ2] :]
= : ρ[{{ξ1, ξ2}}] : + 1
2π
∫
d2x
∫
d2x′ δ(x− x′)δ(y)δ(y′) i
2
(∂x − ∂x′)
×{1 + 1
2eB
1
2
(~∇2 + ~∇′2) + ( 1
2eB
)2[
1
8
(~∇2 + ~∇′2)2 − 1
3!
(~∇× ~∇′)2] + · · ·}
×ξ1(~x)ξ2(~x′)
= : ρ[{{ξ1, ξ2}}] : + 1
2π
∫
d2x
∫
d2x′ δ(x− x′)δ(y)δ(y′) i
2
(∂x − ∂x′)
×
∫
du δ(u−
~∇× ~∇′
2eB
)
sin u
u
exp(
~∇2 + ~∇′2
4eB
)ξ1(~x)ξ2(~x′). (5.10)
13
In the limit of B ≫ 1, (5.10) becomes simple. We neglect O(1/B) terms.
We obtain
[:ρ[ξ1] :, :ρ[ξ2] :] ≃: ρ[{ξ1, ξ2}PB] : +eB
2π
∫
d2x θ(−y){ξ1, ξ2}PB. (5.11)
This result is interesting. Because of (5.2), in the limit of B ≫ 1, the
commutation relation of :ρ[ξ] : is given by
[:ρ[ξ1] :, :ρ[ξ2] :]
B≫1→ : ρ[{ξ1, ξ2}PB] : +
∫
d2x〈ρ(~x)〉{ξ1, ξ2}PB. (5.12)
Comparing (5.11) with (5.12), we notice that 〈ρ(~x)〉 is equal to eBθ(−y)/2π
in the limit of B ≫ 1. Let’s see Fig.1. If B ≫ 1, X and Y are approximately
equal to x and y,
Xˆ = x− πy
eB
≃ x, Yˆ = y + πx
eB
≃ y.
This result means the following. In the limit of B ≫ 1, the electrons are
localized in the area y ≤ 0. We can conclude that the Fermi liquid in this
system is approximately an incompressible fluid in the limit of B ≫ 1. In
particular, eB/2π is the density of the LLL. In this system, the filling factor
ν is equal to one.
6 The edge-charge operators and the Kac-
Moody algebra
In this section we review the edge-charge operator which has been discussed
by Stone, Wen and others [3][7][9][11]. These authors have claimed that the
commutation relation of the edge-charge operators is the Kac-Moody algebra.
We show that the origin of this Kac-Moody algebra is the W1+∞ algebra by
using the result obtained in section 5. We will understand that the U(1)
Kac-Moody algebra rules the behavior of the edge state.
Let’s consider electrons not only in an external magnetic field but also in
a weak electrostatic potential V (~x),
V (~x) =


EΛ Λ < y
Ey −Λ ≤ y ≤ Λ
−EΛ y < −Λ
14
where 1 ≫ Λ > 0, Λ = const, and 0 < E ≪ 1 , E = const. In this case, the
electrostatic potential keeps the electrons inside the area, y ≤ 0. In the limit
of B ≫ 1, the ground state of this system becomes approximately the Dirac
sea vacuum. Therefore we can use the results which are obtained in section
5.
Using Stone’s notation, an edge-charge operator is defined,
j(x) ≡
∫
dy gΛ(y) :ρ(~x) :, where gΛ(y) =
{
1 −Λ ≤ y ≤ Λ
0 y < −Λ , Λ < y . (6.1)
We consider that Λ is larger than the magnetic length, Λ ≫ l0 where l0 =
1/
√
eB. j(x) is the charge operator which lies on the edge (x, 0). (See Fig.1.)
A functional is defined,
j[f ] ≡
∫
dx f(x)j(x) =:ρ[f · gΛ] :, (6.2)
where f(x) is any non-singular function. Using (5.11), in the limit of B ≫ 1,
the commutation relation of j[f ] is given by
[j[f1], j[f2]] = [:ρ[f1gΛ] :, :ρ[f2gΛ] :]
≃ − i
2eB
∫ +∞
−∞
dx
∫ Λ
−Λ
dy
∂
∂y
:ρ(~x) : (f ′1f2 − f1f ′2)
+
i
4π
∫
dx (f ′1f2 − f1f ′2). (6.3)
Let’s evaluate the first term in the right hand side of this equation. Using
the basis defined in (2.7), the first term is written explicitly in the form,
i
2
√
eB
π
1
L
∑
n,m
: Cˆ†nCˆm :
∫ +∞
−∞
dx (f ′1f2 − f1f ′2) exp{−ieB(Yn − Ym)x}
×
∫ Λ
−Λ
dy [2y − (Yn + Ym)] exp{−eB[y − 1
2
(Yn + Ym)]
2 − eB
4
(Yn − Ym)2}.
Because of the Gaussian, we notice that dominant contributions are given
when 2y ≃ Yn+Ym. On the other hand, because of the factor [2y−(Yn+Ym)],
these contributions vanish. We can neglect this term. We obtain
[j[f1], j[f2]] ≃ i
4π
∫
dx [f ′1(x)f2(x)− f1(x)f ′2(x)]. (6.4)
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(Stone obtained this relation, too. He didn’t consider the central extension
of (5.5). He substituted the mean value of ρ(~x) in the right hand side of
(2.16).)
We can write the commutation relation formally in another form,
[j[f1], j[f2]] =
∫
dx
∫
dx′ f1(x)f2(x
′)[j(x), j(x′)]. (6.5)
Hence, we obtain the commutation relation of j(x) in the limit of B ≫ 1,
[j(x), j(x′)] = − i
2π
∂xδ(x− x′). (6.6)
There is the Kac-Moody algebra in (6.6). Let’s decompose j(x) in the
Fourier components,
j˜n ≡
∫
dx exp(−i2π
L
nx)j(x). (6.7)
From (6.6), we obtain the Kac-Moody algebra, [j˜n, j˜m] = nδn+m,0.
We can obtain the following relation easily,
j˜n = exp{− 1
4eB
(
2πn
L
)2} :L(0)n : . (6.8)
In the limit of B ≫ 1, j˜n is identified with : L(0)n :. Furthermore, we pay
attention to the following. From the Kac-Moody algebra, we can always
construct the c = 1 Virasoro algebra. We will discuss it in section 7.
Let’s consider the physical meaning of j˜n. For example, in the limit of
B ≫ 1, j˜−n (n > 0) is given by j˜−n ≃ ∑+∞l=−∞ : ˆC†l ˆCl−n :. This operator acts on
the droplet in the following way.(See Fig.2.) :
ˆ
C†l
ˆCl−n : (n ≥ l > 0) annihilates
the electron at Y = Yl−n and creates the electron at Y = Yl. Therefore, j˜−n
shifts electrons along the direction of Y by a distance 2πn/eBL.
Because the droplet is incompressible, j˜−n is an operator which deforms
the edge of the droplet. This deformation propagates with the velocity vF =
E/B along the edge. There is the current which is not parallel to the external
electric field E. This is the IQHE. The electric current ~j is given by
~j =
(
0 e2/2π
−e2/2π 0
)(
0
E
)
.
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Stone, Wen and others derived the Kac-Moody algebra by quantizing the
classical theory. They quantized the classical equation of the surface wave
on the droplet and obtained the one-dimensional chiral free fermion.
Generally we can conjecture the following. We assume an arbitrary vac-
uum. (See Fig.3.) A droplet of electrons is localized in the area, S. ∂S is an
edge of S. Taking the classical limit, we obtain
[:ρ[ξ1] :, :ρ[ξ2] :] ≃
∫
d2x 〈ρ(~x)〉{ξ1, ξ2}PB
≃ i
2π
∫
S
d2x ~∇× ~ξ
≃ i
2π
∮
∂S
d~x · ~ξ, (6.9)
where ρ(~x) =
{
eB/2π ~x ∈ S
0 ~x 6∈ S ,
~ξ = (ξ2, ξ1). (6.10)
From this equation, we notice that this commutation relation reflects a be-
havior of the edge.
7 The bosonization of the one-dimensional
fermion system
The bosonization transformation is known to be an important property of the
one-dimensional fermion system[3]. In this section, we express the Virasoro
algebra and the Kac-Moody algebra with a boson field[8][9]. It is a basic
exercises of the CFT[4]. We construct the primary fields defined in section 3
from a boson field.
We define a current operator,
Ω(X) ≡ Ψ†(X)Ψ(X), (7.1)
where Ψ(X) ≡ ∑n Cˆn〈X|n〉, Yˆ |n〉 ≡ Yn|n〉, and 〈X|n〉 = (1/√L) exp(i2πnX/L).
Ψ(X) satisfies the usual anti-commutation relation,
{Ψ(X),Ψ†(X ′)} = δ(X −X ′).
Here, we take the Dirac sea vacuum discussed in section 5. Ω(X) is
decomposed into a singular part and a non-singular part,
Ω(X) = J(X) + lim
ǫ→0
〈Ψ†(X + ǫ)Ψ(X − ǫ)〉,
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where J(X) =:Ψ†(X)Ψ(X) : . (7.2)
By the similar derivation of (5.3), the second term which has a singularity in
the limit of ǫ→ 0 is given by
〈Ψ†(X + ǫ)Ψ(X − ǫ)〉 = i
4πǫ
. (7.3)
The commutation relation of J(X) is obtained in the form,
[J(X), J(X ′)] = − i
2π
∂Xδ(X −X ′). (7.4)
We find the U(1) Kac-Moody algebra. If we define {Jn} in the form,
Jn ≡
∫
dX exp(−i2π
L
nX)J(X) =
∑
m
: Cˆ†mCˆm+n :, (7.5)
they satisfy [Jn, Jm] = nδn+m,0 and J
†
n = J−n.
Let’s consider how to define the normal ordering of {Jn}. For n > 0, Jn
annihilates the Dirac sea vacuum |G〉,
Jn|G〉 = (−1)P
∑
m≥−n+1
Cˆ†mCˆ
†
0Cˆ
†
−1Cˆ
†
−2 · · · Cˆm+n|0〉
−(−1)P ′ ∑
m≤−n
Cˆm+nCˆ
†
0Cˆ
†
−1 · · · Cˆ†mCˆ†m · · · |0〉
= 0, (7.6)
where P and P ′ are proper integers. The normal ordering : : is defined in
the following way, :JnJ−n := J−nJn for n > 0.
Using {Jn}, we can construct the c = 1 Virasoro algebra. J(X) is written
in the form,
J(X) =
1
L
∑
n
exp(i
2π
L
nX)Jn. (7.7)
With a new variable v ≡ exp(−i2πX/L), we define a vector current J˜(v),
J˜(v) dv ≡ −i2πJ(X) dX. (7.8)
J˜(v) is written as J˜(v) =
∑
n Jnv
−n−1.
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We define {Ln} in the following way,
1
2
: J˜(v)J˜(v) :=
∑
n
Lnv
−n−2. (7.9)
We have the c = 1 Virasoro generators {Ln},
Ln =
1
2
∑
m
:JmJn−m :, (7.10)
which satisfy the algebras,
[Ln, Lm] = (n−m)Ln+m + 1
12
n(n2 − 1)δn+m,0, [Ln, Jm] = −mJn+m.
We define a Bose field ϕ(v) by
i∂vϕ(v) ≡ J˜(v). (7.11)
We notice that this system is described by the CFT which has an energy
momentum tensor, T (v) = −(1/2) : ∂ϕ(v)∂ϕ(v) := ∑n Lnv−n−2. ϕ(v) is
expanded in the form,
ϕ(v) = −i{∑
n 6=0
−1
n
Jnv
−n + J0 log v +K0}, (7.12)
where [J0, K0] = 1, K
†
0 = −K0. ∂ϕ(v) is a primary field of a conformal
dimension h = 1.
We define an exponential field Vα(v),
Vα(v) ≡:eiαϕ(v) : . (7.13)
Vα(v) is a primary field of a conformal dimension h = α
2/2. Is Vα(v) a boson
or a fermion? We give Vα(v) a transparent form,
Vα(v) = exp(−1
2
α2 log v − α
2
2n
)
∞∏
n=1
exp(
α
n
J−nv
n) exp(αJ0 log v) exp(αK0)
×
∞∏
m=1
exp(− α
m
Jmv
−m). (7.14)
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After some calculation, we get
Vα(v)Vα(w) = (−1)α2Vα(w)Vα(v). (7.15)
α2 decides whether Vα(v) is a boson or a fermion. If we take α = ±1, we get
a primary field which is a fermion and has a conformal dimension h = 1/2.
V1(v) and V−1(v) have appeared as η(w) and η¯(w) in section 3 already.
We have the relations,
[J(X), Vα(exp(−i2π
L
X ′))] = αδ(X −X ′)Vα(exp(−i2π
L
X ′)), (7.16)
[J(X), V †α (exp(−i
2π
L
X ′))] = −αδ(X −X ′)V †α (exp(−i
2π
L
X ′)). (7.17)
We can interpret these equations as the following. If we assume that J(X)
is a charge density operator at X and |J(X)〉 is its eigenstate,
Vα(exp(−i2πX ′/L)) adds a charge α at X ′,
Vα(exp(−i2π
L
X ′))|J(X)〉 ∝ |J(X) + αδ(X −X ′)〉, (7.18)
and V †α (exp(−i2πX ′/L)) adds a charge −α at X ′,
V †α (exp(−i
2π
L
X ′))|J(X)〉 ∝ |J(X)− αδ(X −X ′)〉. (7.19)
An operator which adds the charge (1/2π)∂θ(X)/∂X at X is given by
:exp{ i
2π
∫
dX ′
∂θ(X ′)
∂X ′
ϕ(exp(−i2π
L
X ′))} :=:exp{i
∫
dX ′ θ(X ′)J(X ′)} : .
This operator has been constructed by Stone[7].
8 Discussion and Acknowledgements
It is indicated that there is a close relation between the QHE and a one-
dimensional system. In this paper, we have presented a simple example
of that relation. We considered the W∞ algebra in ν = 1 case. The W∞
algebra in ν = 1/m case has been discussed by Karabali[20]. The general
extension of the W∞ algebra to the W1+∞ algebra has been done recently
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